
Vinberg’s Algorithm

There is an affective algorithm of constructing the fundamental polyhedron P for
hyperbolic reflection group. It works for each reflection group, but is efficient only for
groups of the form Or(L). Choose any point v0 ∈ H

n; we shall call it the basic point. The
fundamental domain P0 of its stabilizer Or(L)v0

is a polyhedral cone in H
n. Let H1, . . . ,Hm

be the faces of this cone and let a1, . . . , am be the corresponding outer normals. Then we
can define the half-spaces

H−k = {x ∈ E
n,1 | (x, ak) ≤ 0},

in addition, we can define in the same way the half-space H− for every hyperplane H. Then
we observe that the fundamental polyhedral cone is the intersection of the half-spaces of
this cone: P0 = ∩

m
k=1

H−
k

There exists the unique fundamental domain of the group Or(L) contained in P0 and
containing the point v0. Its faces containing v0 are formed by faces of the cone H1, . . . ,Hm.
The other faces Hm+1, . . . and the corresponding outward normals am+1, . . . are constructed
by induction. Namely, for H j we take a mirror such that the root a j orthogonal to it satisfies
the conditions

(1) (a j, v0) < 0;

(2) (ai, a j) ≤ 0 for all i < j;

(3) the distance ρ(v0,H j) is minimum subject to constraints (1) and (2).

The lengths of the roots a j satisfy the following useful condition.

Proposition 1 (Vinberg, 1984, [3]) The inner squares of roots in the quadratic lattice L are
divisors of the doubled last invariant factor of L.

Theorem 1 (Vinberg, 1972, [1, 2]) The polyhedron P can be found in the following way:

P =
⋂

k

H−k ,

and, in addition, all Hk are the sides of P.

Thus, if the roots found at some step determine a polyhedron of finite volume, then
Vinberg’s algorithm terminates.
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