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Affine Hull

Suppose M C Aand A, € M. Then a
plane

P=A,+(A4,X| X €M)
Is the smallest plane that contains M.

This plane is called an affine hull of M
and is denoted by aff(M).



Euclidean Affine Space E"

Euclidean Affine Space E™ is an affine
space over V = R™ equipped with a
standard Euclidean inner product

(,): VXV =R, (u,v) =ugvy + ... +u,v,

and a metric (and a norm) on E™:

p(z,y) == (x—y,z—y) = |z —y|.



Euclidean Space: Facts

(F1) p(4, B) >0, and
p(A,B)=0< A=1B
(F2) Pythagorean Theorem: If u L v, that is,
(u, v) = 0, then w = u — v satisfies the
= [ull® + [lv]*.
(F3) Cauchy—Bunyakovsky—Schvvarz
Inequality: |(u, v)| < [u] - [|v]
(F4) Triangle Inequality:
p(A,B) +p(B,C) = p(4,C)




Euclidean Space: Facts

[A,B] = {X | AX = MB, 0< A< 1} is
called a segment (or closed interval)

(F5) For any nonzero u,v € R™ there exist
vectors proj v and ort, v, such that
ort, v L u, proj v Is proportional to u,
and v = proj v+ ort,,v.

(F6) p(A, B) + p(B,C) = p(A, C) iff
B e [AC]



Euclidean Space: Facts

(F1) p(A, B) > 0, and
p(A,B)=0< A=B



Euclidean Space: Facts

(F2) Pythagorean Theorem:
If u L v, thatis, (u,v) =0,thenw=u—wv
satisfies the formula: |w|? = |Ju|? + |v|?.



Euclidean Space: Facts

(F3) Cauchy-Bunyakovsky-Schwarz
Inequality: |(u, v)| < [u] - [|v]



Euclidean Space: Facts

(F4) p(A, B) + p(B,C) > p(A,C)



Euclidean Space: Facts

(F5) For any nonzero u,v € R™ there exist
vectors proj v and ort, v, such that
ort,v L u, proj v is proportional to u, and

v = proj v + ort,v.



Euclidean Space: Facts

(F6) p(A, B) + p(B,C) = p(A, C) iff
B e [A,C]



Geometry of Euclidean Affine Plane 2

Axioms and many facts of 2-dimensional
geometry become very easy exercises.

-V A # B € [E? there exists a unique
line ¢, passing through A and B.

- For any line £ and any point A ¢ /¢
there exists a unique ¢, || ¢,st. A € ¢;.

- V¢ and A € E? there exists a unique
0, L4 st Aed,.



Geometry of Euclidean Affine Plane E2

- A, B,C € E2 form a triangle if
dim (aff({A, B,C})) =2
- < three triangle inequalities!

- The barycentric combination
X = M + uB belongs to a line AB and
divides the interval (A, B) in the ratio
AX:XB=yp:\ie NAX =uXB. If
A >0, then X € [A, B].




Euclidean Space: Segment

[A,B]:={X | AX =XMB, 0< A< 1} =
—{0aA+BB|a+B8=1,0,8>0} =
= {X | p(A,X) + p(X,B) = p(A,B)}.



The Menelaus Theorem

Suppose A, B,C € E2? form a triangle,
X,Y, Z belong to the intervals
BC,CA, AB or their continuations and
divide them intheratioA: 1, u: 1, v: 1.

Then dim (aff {X,Y,Z}) = 1iff
Apy = —1.



The Menelaus Theorem: Picture




The Menelaus Theorem: Proof

Proof:
- The matrix of barycentric coordinates
of X,Y, Z with respect to A, B, C-

0 A1 A1
Mat(X,Y,Z) = | g 0 05
1 v

v+1 v+1

- dim (aff({X,Y, Z})) = 1 iff
det Mat(X,Y,Z) =0 < Auv = —1.



